Appendix I One-dimensional Haar wavelet basis functions


Appendix I

One-dimensional Haar wavelet basis functions

Before the Haar basis functions are introduced, the description of Stollnitz et. al. (1995a) is used to define the vector space of the image. One can define one-dimensional image as a function y=f(x) over the half-open interval [0, 1). A one-pixel image can be thought as a constant function on the whole interval [0, 1). The function vector space is denoted as (0. A two-pixel image has two constant functions over the intervals [0, ½) and [½, 1). The vector space of these functions is denoted as (1. For the four-pixel image, it has four constant functions over the intervals [0, ¼), [1/4, ½), [1/2, ¾), and [3/4, 1). The vector space is (2. Similarly, the vector space (j is for the image which has 2j constant functions over each of 2j equal subintervals defined on the interval [0, 1). Note that each one-dimensional image with 2j pixels is regarded as a vector in vector space (j. And then every vector in (j is also included in (j+1. That is,
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Mathematically this is a multiresolution analysis. (j has finest resolution. For example, the resolution of space (j is 30m, and then the (j-1 is 60m, the(j-2 is 120m and so on.

These constant functions can be thought of as linear combinations of dyadically dilated and translated basis functions of (j the vector space on [0, 1). The basis functions are scaling functions which have been described in previous section. The scaling function [image: image2.wmf])
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can be mathematically defined by a recursive equation:

Where ((x) is the scaling function, ck is called wavelet filter coefficient, and M is the range of the summation. In wavelets, M will be referred as the order of the wavelet. 

[image: image3.wmf])

2

.

1

(

0

)

1

,

0

[

1

)

(

a

elsewhere

on

x

î

í

ì

=

f

Consider the Haar scaling function (shown in figure 1):
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In this case, c0=1 and c1=1, i.e., ((x)= ((2x)+ ((2x-1). Some examples of its translated and scaled versions are shown in figures 2, 3, and 4. 
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For space (j, we get a set of scaling function

Where 0 <= k <= 2j-1. These 2j functions form the basis of vector space (j.
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Thus, for each 0 <= k <= 23-1, the dilated and translated scaling function for (3 is expressed as,

Note that (03 is 1 on [0, 1/8) only, (13 is 1 on [1/8, 2/8) only, (23 is 1 on [2/8, 3/8) only, and so on.

As to the basis for (2, (02 is 1 on [0, 1/4) only, (12 is 1 on [1/4, 2/4) only, (22 is 1 on [2/4, 3/4) only, and (23 is 1 on [2/4, 3/4) only.

Assume there is a one-dimensional “image” f(x) with a resolution of eight pixels, having the values:

11 13 16 16 17 19 17 15

The original ‘image’ f(x) can be expressed as a linear combination of the basis functions in (3:

f(x) =11(03 + 13(13 + 16(23 + 16(33 + 17(43 + 19(53 + 17(63 + 15(73 ( (3,        (a1.5)

Similarly, the various averages treated as lower-resolution versions of the original ‘image’ can be also expressed as a linear combination of the basis functions (j (j=0, 1, 2):

f1(x)= 12(02 + 16(12 + 18(42 + 16(32 ( (2,             (a1.6)

f2(x)= 14(01 + 17(11 ( (1,         (a1.7)

f3(x)= 15.5(00 = 15.5( ( (0,     (a1.8)

These averages are the coefficients of these Haar scaling basis functions.
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Thus, the next step is to find a representation for the detail coefficients. Consider the standard dot product defined on (j. 

Two functions f(t) and g(t) are orthogonal if and only if their product is zero on [0, 1]. Now we can define the wavelet space wj to be the orthogonal complement of (j in (j+1. The orthogonal decomposition of (j+1 can be expressed by,

(j+1 = (j ( wj                          (a1.10)

For our example, we have

(3 = (2 ( w2 = (1 ( w1 ( w2 = (0 ( w0 ( w1 ( w2                                                               (a1.11)

So that the wavelet space wj containing the detail information in (j+1 that can not be represented in (j. The detail coefficients described earlier for the one-dimensional Haar transform are coefficients of the wavelet basis functions. 
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The Haar wavelet is defined by

Where
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13

.

1

(

0

)

1

,

2

/

1

[

1

)

2

/

1

,

0

[

1

)

(

a

elsewhere

on

on

x

ï

î

ï

í

ì

-

=

c

[image: image10.wmf])

14

.

1

(

)

2

(

)

1

(

)

(

2

a

k

x

c

x

k

k

l

k

å

-

-

=

-

f

c

( (x) and ((x) has relation by the equation,

In this case, c0=1 and c1=-1, i.e., ( (x)= ((2x) - ((2x-1).
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For 0 ( k ( 22 – 1, the four functions

form a basis for w2. They are orthogonal to the corresponding functions (k2. Figure 5 shows four Haar wavelets over w2.
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Therefore, the original ‘image’ f(x) can be expressed as a linear combination of the basis functions in (3:

f(x) =11(03 + 13(13 + 16(23 + 16(33 + 17(43 + 19(53 + 17(63 + 15(73 ( (3,       (a1.16)

The image f(x) can be rewritten by means of basis functions (2 and w2,

f(x)= 12(02 + 16(12 + 18(22 + 16(32 + -1(02 +  0(12 + -1(22 + 1(33                                       (a1.17)
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This is first level wavelet decomposition of original image. The eight functions form the Haar basis for (3.

The image f(x) can be also rewritten as a sum of basis functions in (1, w1 and w2,

f(x)= 14(01 + 17(11 + -2(01 + 1(11 + -1(02 +  0(12 + -1(22 + 1(32                                    (a1.18)

This is second level wavelet decomposition of original image. The eight functions form the another Haar basis for (3.

Finally, f(x) can be expressed using the basis functions in (0, w0,w1 and w2,

f(x)= 15.5(00 – 1.5(00 + -2(01 + 1(11 + -1(02 +  0(12 + -1(22 + 1(32                                 (a1.19)

This is last level wavelet decomposition of original image. The eight functions form the another Haar basis for (3. 

From above decompositions, we also find that detail coefficients are from the shifting and scaling operation applied to the mother wavelet ( (x). The process of shifting and scaling operation of mother wavelet is depicted in Figure 6.
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Our example is simply a wavelet decomposition with respect to a very special basis – Haar basis. The haar basis is not only the one for wavelet transform. Many different basis have been developed usually with a specific purpose in mind (Graps, 1995). Generally, the wavelet transform can be expressed by,

Where N is the level of wavelet decomposition, M is the power of 2 for the length of the function akM is approximation coefficient and dkj is detail coefficient.
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(from Edwards, 1992)
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Figure 5.  Haar wavelet functions: (a) (02 (x), (b) (12 (x), (c) (22 (x) and (d) (32(x) (Edwards, 1992)
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Figure 6. The process of translation and dilation of the mother wavelet (Malcahy, 1996)
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